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Abstract 

An extension of Craig-Sakamoto theorem to k (k > 2) normal matrices is 
presented. The proof makes use of an early result by Djokovic [Proc. Amer. 
Math. Soc. 27 (1971) 19-23]. 
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The Craig-Sakamoto theorem on the independence of two quadratic forms asserts 
that 

Theorem 0.1. Two n x n real symmetric matrices A and B satisfy 

Vx, j/GM, det(/ n - (xA + yB)) = det(I n - xA) det(J n - yB) 
if and only if AB = 0. 

Here and throughout, I n stands for the identity matrix of order n. 

This result arises much interest recently and there are several existing proofs in 
literature, see e.g., [U [7J [91 [TTJ [12]. Ogawa and Olkin [10] obtained a stronger 
version of Craig-Sakamoto theorem, their result can be stated as 

Theorem 0.2. Two n x n real symmetric matrices A and B satisfy 

\/x G R, det(/ n - x(A + B)) = det(/ n - xA) det(4 - xB) 
if and only if AB = 0. 

For a simple proof of Theorem 10.21 we refer to [3] . Very recently, an analytical proof 
of Theorem 10.21 can be found in [2] . 

In 1969, Brand [1] proved the following result concerning product of singular sym- 
metric matrices: 

Theorem 0.3. Let A and B be real n x n symmetric matrices with Ai, ■ • • , A r , 0, ■ ■ • , 
and 0, ■ ■ • ,0, A r+ i, • • ■ , A„ (Xi ^ 0, 1 < i < n) as eigenvalues, respectively. If A + B has 
eigenvalues Ai, • • • , \ n then AB = 0. 
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Theorem 10.31 was soon generalized by Djokovic [5] to normal matrices (operators). 
Recall that a complex square matrix N is called a normal matrix if N*N = NN*, where 
iV* means the conjugate transpose of N. More precisely, Djokovic obtained 

Theorem 0.4. f5\/ Let Ni, l<i<k,benxn normal matrices with nonzero eigenvalues 
denoted by X[ , ■ ■ ■ , Af* , 1 < i < k and r± + - ■ ■ + < n. If N := £f =1 A^ has nonzero 
eigenvalues 



A 



1 < j < n, 1 < i < k. 



(o.i; 



Then N is normal and NiNj = for i ^ j. 



After a careful examine of the proof of Theorem 10.41 given in Theorem 3] , we 
can slightly weaken the assumption ( 10. ip . More generally, we can state the following 
strengthened version of Theorem 10.41 



Theorem 0.5. Let N it 1 < i < k, be n x n normal matrices with nonzero eigenvalues 
denoted by \± \ ■ ■ • , a£* , 1 < i < k and r\ + • ■ ■ + < n. Also, let 7i, ■ • • , 7 P denote the 
nonzero eigenvalues of N := £f =1 iVj. The following three statements are equivalent 

(i) 

1. N has nonzero eigenvalues Xj, 1 < j < r,;, 1 < % < k. 

2. p = r\ + • ■ • + rfc and 

Tlk -prr, _ yrp 

3. N is normal and N^Nj = for i ^ j. 

In the proof of Theorem 10.41 (the same proof also works for Theorem I0.5p . we may 
assume without loss of generality that iV is nonsingular. In this case, another weaker 
assumption than ( 10. ip is 



rank N = Sf =1 rank N { 



(0.2) 



It is curious to know whether ( 10. ip can be replaced by ( I0.2p . The answer is no, here is 
an example. 



Example 0.6. Let 



1 + i 1 + i 
1 + i 1 + i 




,N 2 




1-i 




,N 3 




1+i 1+i 
1+i 1+i 



It is easy to see they are all normal, moreover, rankiV = £? =1 rankiVj. However, iV is 
not normal. 

Apparently, Djokovic's result was overlooked by later authors. Our main result (see 
Theorem 10 . 71 below) is to present an extension of Theorem 10. 21 to normal matrices. Our 
generalization may read as 
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Theorem 0.7. Let Ni, 1 < i < k, be n x n normal matrices, then 

Vx e C, det(J n , - x^ =1 Ni) = nf =1 det(4 - xNJ (0.3) 
if and only if NiNj = for i ^ j . 

Proof The "if part is trivial, so we need only to show the "only if part. The identity 
between polynomials with variable x 

det(/„ - xE* =1 Ni) = nf = i det(4 - xN { ) 

can be restated in: 

Vt ^ 0, t^" 1 )" det(tl n - E^iVi) = nti det (^n - AT,) (0.4) 

by putting x = |. From (10.4jl . we find that nonzero eigenvalues of E*L 1 A r j coincide with 
the union of nonzero eigenvalues of iVj for 1 < i < fc, i.e., the hypothesis of Theorem 
021 hold, and so A^iV} = for % ^ j. □ 

Remark 0.8. Theorem 10.71 is not a trivial extension of the stronger version of Craig- 
Sakamoto theorem (i.e., Theorem 10 .2ft . this is because the summation of normal ma- 
trices is no longer normal generally. In [HI Theorem 2], Matsuura made an extension 
of Theorem 10. II to two normal matrices, however, his proof did not work for k (k > 3) 
normal matrices. 
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